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Abstract

The conventional Lorenz-Mie formalism is extended to the scattering process

associated with a coated sphere embedded in an absorbing medium. It is shown that

apparent and inherent scattering cross sections of a scattering particle, which are identical

in the case of transparent host medium, are different if the host medium is absorptive.

Here the inherent single-scattering properties are derived from the near-field information

whereas the corresponding apparent counterparts are derived from the far-field

asymptotic form of the scattered wave with scaling of host absorption that is assumed to

be in an exponential form. The formality extinction and scattering efficiencies defined in

the same manner as in the conventional sense can be unbounded. For a nonabsorptive

particle embedded in an absorbing medium, the effect of host absorption on the phase

matrix elements associated with polarization is significant. This effect, however, is

largely reduced for strongly absorptive particles such as soot. For soot particles coated

with water, the impurity can substantially reduce the single-scattering albedo of the

particle if the size parameter is small. For water-coating soot and hollow ice spheres, it is

shown that the phase matrix elements -P12 / Pli and P33 / Pli are unique if the shell is

thin, as compared with the case for thick shell. Furthermore, the radiative transfer



equationregardinga multidisperseparticlesystemin anabsorbingmediumis discussed.

It is illustratedthattheconventionalcomputationalalgorithmscanbeappliedto solvethe

multiple scatteringprocessif thescaledapparentsingle-scatteringpropertiesareapplied.
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1. Introduction

The geometrical shapes of many micron-sized natural particles including cloud

droplets can be well approximated as spheres in light scattering calculations. The Lorenz-

Mie theory t provides the theoretical basis for the interaction between a sphere and an

electromagnetic wave (e.g., Ref. 2-5). Numerically stable and efficient algorithms and the

corresponding computational codes have been developed 48 for deriving the exact single

scattering properties of spherical particles. Although the scattering problem associated

with spheres, involved in many applications including aircraft and satellite remote

sensing, seems to be solved, an issue on this subject still needs to be addressed. In the

conventional Lorenz-Mie formulation, the host medium within which the sphere is

embedded is assumed to be a nonabsorptive dielectric material such as air. For many

situations, the medium surrounding the spherical particles may contain constituents with

significant absorption. For example, ozone and CO2 in the atmosphere have strong

absorptive bands at 9.6 and 15 pm, respectively. Additionally, atmospheric water vapor

provides a strongly absorbing component to the air surrounding spherical aerosol or water

particles in both solar and infrared spectral regions.

For scattering of solar and infrared radiation by atmospheric particles embedded

in an absorbing medium, the absorption effect of the host medium on the scattering

properties of the particles may not be negligible. When the host medium is transparent

(i.e., a dielectric medium with a purely real refractive index), the use of the standard

Lorenz-Mie formulation does not raise any difficulty. In this case, the effect of the host

medium can be accounted for by determining a relative refractive index for the scattering

particle, which is defined as the ratio of the particle refractive index to that of its host



counterpart.Unfortunately,thescatteringpropertiesof a spherein anabsorbingmedium

cannotbe obtainedby simply modifying the refractive indices for the particle and the

host medium along with scaling the incident wavelength in the input list of the

conventionalMie computationalcode.Thus, there is a necessityof reformulating the

conventionalLorenz-Mie theory to accommodatea sphericalparticle embeddedin an

absorbingmedium.

The scatteringpropertiesof a homogenousspherein anabsorbingmediumhave

beeninvestigatedby severalauthors9-12.On this specific issue,two approachesthat are

basedeitherupontheasymptoticform of electromagneticfield in theradiationzone(i.e.,

the far-field)9or upon the information of the field at particle surface(i.e., the near-

field)_J,12havebeenusedin thepreviouscalculationof theextinctionandscatteringcross

sections.Whenthehostmediumis absorptive,thehostabsorptionhasnot only attenuated

the scatteredwave in magnitudebut also modulatedthe wave mode when the wave

reachesthe radiationzone.Thus,for anobservationin the radiationzone,theparticle's

inherentoptical propertiesarecoupledwith the absorptioneffect of the medium in an

inseparablemanner.For this reason,the scatteringpropertiesof the particle that are

derived from the far-field asymptotic form of the scatteredwave, thoughrescaledby

removing the exponentialabsorptionof the hostmedium betweenthe particle and the

observationalpoint, are the apparentoptical propertiesof the scatteringparticle. The

apparentscatteringand extinction crosssectionsfor a spherein an absorbingmedium

havebeenderivedby Mundy et al.9,which unfortunatelymay be implausibleat times

becausethe correspondingextinction efficiency can be smaller than the scattering

efficiency.This discrepancyis causedby neglectingthe absorptionof the incidentwave
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within thehostmediumin thecalculationof the extinctioncrosssection,asis shownby

Chylek_°.Thetrue or inherentscatteringandabsorptioncrosssectionsof theparticlecan

be calculatedby integratingthe Poyntingvector at the scatteringparticle's surfaceas

shown by Chylek1°.The apparentoptical properties reduce to their corresponding

inherent counterpartsif the absorptionof the host medium is absent.Most recently,

SudiartaandChylek_jreportedthenumericalcalculationsfor the inherentextinctionand

scatteringefficienciesbasedon the theoretical framedevelopedin Chylek's previous

work_°.Similar calculationswere reportedby Fu and Sun_2who also investigatedthe

effectof absorptionwithin thehostmediumonthephasefunctionandasymmetryfactor.

The inherentextinction and scatteringefficiencieshave limited applicationsin

practicefor threereasons.First, theseefficienciesdonot havetheconventionalmeanings

in that thecorrespondingcrosssectionsarenot simply theproductsof theseefficiencies

and the geometricalprojected-areaof the particle. In fact, sincethe incident irradiance

spatiallyvarieswhenthehostmediumis absorptive,a referenceplanemustbespecified

to unambiguouslydefineextinctionandscatteringcrosssections.Second,to considerthe

bulk scatteringpropertiesof apolydispersivesystem,onealwaysdealswith the far field

and consequently,the apparentoptical properties.Third, the motivation to determine

particle single scatteringpropertiesis primarily for radiative transfercalculationsthat

requirebothcrosssectionsandanaccuratedescriptionof the phasematrix. It is not self-

consistentto usethe inherentcrosssectionsin radiative transfercalculationswhenthe

correspondingphasematrix is anapparentopticalproperty.

Theintentof thisstudy is to properlydefinetheapparentextinctionandscattering

crosssectionsversustheir inherent counterparts.Additionally, we also investigatethe
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effectof hostabsorptionon thepolarizationconfigurationof thescatteredwavesincethe

previous studiesfocus primarily on the total cross sectionsand scatteredintensity.

Furthermore,becausethe scatteringpropertiesof coatedspheressuchas black carbon

aerosols that are coated with water are of interest in many disciplines including

atmosphericremotesensingandradiativetransfercalculations,wealsopresenta solution

for the scattering propertiesof a coated sphere in an absorbinghost medium. The

previoussolutionfor ahomogeneousspherein anabsorbingmediumis a specialcaseof

the presentstudywhenthe coreandshell of the coatedspherehavethe samerefractive

index. In Section2 we presentthe basicmathematicalexpressionsfor the inherentand

apparentscatteringpropertiesof a coatedspherewithin anabsorbingmedium.In Section

2 we alsodiscusstheproperform of thesingle-scatteringpropertiesfor radiativetransfer

calculation involving a polydisperseparticle system in an absorbinghost medium.

Presentedin Section3 arethenumericalresultsanddiscussions.Finally, theconclusions

aregivenin Section4.

2. Inherent and Apparent Optical Properties of Coated Spheres in Absorbing

Medium

A. Transverse Components of Incident and Scattered Waves in a Spherical Coordinate

System for Coated Spheres embedded in Absorbing Medium

In this study we select the time-dependent factor exp(-iox) for the complex

representation of a temporally harmonic electromagnetic wave, where o_ is the angular

frequency of the wave. In addition, we employ the Gaussian unit system for the

electromagnetic field. Let us consider the scattering of an incident electromagnetic wave



by a coatedsphereembeddedin anabsorbingmedium.As shownin Fig. 1,the complex

refractive indices for thepanicle core,panicle shell,andthe hostmediumare rn1, m 2,

and m 0, respectively. Let the incident electric field be polarized along the x-axis and

propagate along z-axis of the coordinate system. Thus, the incident electric and magnetic

fields can be written as follows:

Ei (x, y,z ) = _xEo exp( ikmoz ),

i g × _i(x,.v,z) = _vmoEo exp(ikmoz) 'Hi(x,y,z)= --£

(la)

(lb)

Note that in the present study we assume permeability to be unity. The expansions of

incident and scattering fields in terms of spherical harmonics for a coated sphere within

an absorbing medium is similar to their counterparts in the case of the conventional Mie

formulation. To derive inherent and apparent cross sections and scattering phase matrix,

it is sufficient to consider the transverse components of the incident and scattered fields

decomposed in a spherical coordinate system. It can be shown that these field

components can be expanded in the form

oo

Eio(_P,O,r ) - c°s0
m0kr Z E,, [_, (cos O)llt n(mokr) - ir n(cos O)llt' n (mokr)], (2a)

n=l

sin_

Eio((_'O'r) - mokr E E'l['cn(c°sO)llln(m°kr) - ign(COSO)_ n (m0kr)],
n=l

(2b)

Hio((P,O,r ) -

oo

sin0
-_ E E,,[rc,,(cosO)lltn(mo I°') - irn(cosO)llt'n (m0kr)],

n=l

(2c)

electric field, and _x and _v are the unit vectors along the x-axis and y-axis, respectively.

where k = _o/c in which c is the speed of light in vacuo, E 0 is the amplitude of the



tli(_(_),O,r ) _ cosq_kr Z En ['c,, (cos O)llt,, (mokr) - iTcn (cos O)tl/ n (mokr)],
n=l

(2d)

e_

COS_

Eso(_P,O,r ) - mokr Z En[ian'Cn(C°SO)_n(mokr)- bnlr,,(cosO)_n(mokr)],
n=l

(2e)

Eso(O,O,r)_. sine _ .
mokr;Z En[tanrCn(cosO)_.(mokr)-bnrn(cosO)_n(mokr)], (2f)

n=l

oo

H_°((LO'r)- sik? ZEn[aJrn(c°sO)_n(m°kr)-ibnT'_(c°sO)_n(m°kr)]
n=l

(2g)

oo

COS_

I-I"O((_'O'r) - -_r 2 En[anrn(c°sO)_n(mokr) - ib'lrc"(c°sO)_'_(m°l°_)]' (2h)
n=l

where we have employed the common nomenclature for the special functions involved in

the Lorenz-Mie algorithm (e.g., Ref. 2, 4, 5); for example, gt,, and _,, indicate Riccati-

Bessel functions associated with spherical Bessel function Jn and the Hankel function

h_1), respectively. The functions Jr,, and "t"n are the functions of scattering zenith angle

and are related to the associated Legendre function P,I. The coefficient E,, can be

determined from the orthogonality of the spherical harmonics and is given by

E n = Eoin(2n + 1)/[n(n + 1)]. (3)

The coefficients a n and bn in Eqs.(2e)-(2h) for the scattered field can be determined

from an electromagnetic boundary condition that is imposed at both the interfaces of the

core and the shell of the particle and the interface of the scatterer and the host medium.

Here, without a detailed derivation, we give these coefficients in a form similar to that

presented in Bohren and Huffman 5 as follows:

[Dnm 0 / m 2 + n/(mokR2)]_n(mokR2) - Iltn_l(mokR2)

an [[gnmo/m 2 +n/(mokR2)]_n(mokR2)-_n_l(mokR2)
(4a)
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= [Gnm2 / m 0 + n/(mokR2)]_n(mokR 2) - Illn_l(mokR2)

bn [_nm 2/mo +n/(mokRz)]_n(mokR2) _n-l(mokR2)
(4b)

Dn = D n(m2kR 2 ) - A, [Z'n (m2kR2) / Iltn (m2kR2 )], (4c)
1 - A n [Z,, (m2kR2) / _n (m2kR2)]

Gn = Dn(m2kR2) - Bn[z"7(m2kR2)/ Iltn(m2kR2 )], (4d)
1 - Bn[Xn(m2kR2)/_n(m2kR2)]

An = m2Dn (mlkR1) - mlDn(m2kR1 ) , (4e)
m2 Dn ( ml kR1 )[Zn (m2kRI ) / Nn (m2kRI ) ] - ml [X'n (m2kRl )/Ign(m2kR1 )]

mlDn(mlkRI ) - m2Dn(m2kRl ) , (4f)
Bn = ml Dn (ml kRI )[Xn (m2kRl) / Illn( m2kR1) ] - m2 [,)(n (m2kRI) / I/In (m2kR1) ]

where R l and R 2 are the radii for the core and the shell of the coated sphere, as is shown

in Fig. 1, and D n is the logarithmic derivative of Riccati-Bessel function N,,, that is,

Dn(x)=d[lnll/n(X)]/dx. In the case when the refractive index m o is unity, the

coefficients in Eqs. (4a) and (4b) reduce to a form that is exactly identical to that given in

Bohren and Huffman 5. If the sphere is homogeneous, i.e., m 2 = m 1, the coefficients, a n

and bn, reduce to the form

[moD n (mokR) / m I + n/(mokR)]llln(mokR) - Ill,,_ 1(mokR) (5a)
a n =

[moDn(mokR)/ ml + n/(mokR)]_n(mokR) - _n--I (mokR)

b n = [mlDn(mlkR)/mo + n/(mokR)]lltn(mokR) - Nn_l(mokR)
[mlDn(mlkR)/ m 0 + n/(mokR)]_n(mokR) - _n--1 (mokR) '

(5b)

where R is the radius of the homogeneous sphere. The coefficients in Eqs.(5a) and (5b)

are equivalent to the form presented in Kerker 3 and Ross t3 that was recaptured in Fu and

Sun 12. Note that the form expressed by Eqs. (5a) and (5b) is more suitable for numerical

computation, as is evident from the extensive discussions in Wiscombe 4 and Bohren and

Huffman 5. In the numerical computation of Eqs.(4a)-(4f), we have taken the advantage of
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the variousnumericaltechniquessuggestedby Wiscombe4'7,BohrenandHuffman5,and

Toonand Ackermans. In particular, following Kattawarand Hood_4,in the computation

of thehigher-ordertermsof a n and bn in Eqs. (4a) and (4b) for large size parameters we

use the corresponding expressions in the homogeneous case for the two coefficients when

n >] mlkR l I to preserve numerical significance and also for computational economy.

B. Scattering Phase Matrix and Inherent and Apparent Cross Sections

For an incident wave propagating in an absorbing medium along the z-axis of the

coordinate system, the incident irradiance (i.e., the magnitude of Poynting vector) can be

written as follows:

F(z) : ]_-_ Re(El x _Ii* ) = F0 exp(-2mo,ikz ), (6)

where the asterisk indicates complex conjugate, and too, i is the imaginary part of the

refractive index of the host medium. The quantity F0 is the incident irradiance at the

origin of the coordinate system in the case when the scattering particle does not exist,

which, derived on the basis of Eqs. (la) and (lb), equals to cmo, r IE0 i2/(8t0 where rn0, r

is the real part of the refractive index of the host medium. Note that (c/8;r)Re(E i x fli* )

in Eq. (6) is the time-averaged Poynting vector in the Gaussian unit system for a time-

harmonic electromagnetic wave. Because the incident irradiance varies with the

coordinate value z in the host medium, the definitions of various optical cross sections

(i.e., the ratio of corresponding flux to the incident irradiance value at a reference

location) are arbitrary in this case. That is, the cross sections depend on the selection of

the reference incident irradiance plane. In the present study, we select the reference plane
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throughtheorigin for the incident irradiancebecauseof theadvantageof this convention

for application to multiple scattering processesas will be shown later. Thus, the

interceptioncrosssectionof the particle for blocking the incident radiation,whenit is

definedwith respectto the incidentirradianceat theorigin (i.e., theratio of the incident

flux interceptedby theparticleto F0 ), is then given by

1 f2rr_ rrryi = -- F( R 2 cosO)Rf sin OdOd¢
F 0 0 rr/2

= rcRf 2[(2m°ikR2 - 1)exp(2m°ikR2) + 1]
(2moikR2)2 (7)

Note that the expression of the total incident radiation flux intercepted by a sphere in an

absorbing medium has been given by Mundy et al. 9 Evidently, the interception cross

section depends not only on the particle geometric projected-area but also on the

dielectric properties of the host medium as well as on the incident wavenumber.

The total energy scattered by the particle, prior to its attenuation due to the

absorption by the host medium, can be obtained by integrating the radial component of

the Poynting vector associated with the scattered wave on the particle surface. Thus, the

corresponding inherent scattering cross section defined with respect to the reference

irradiance F0 can be given as follows:

1 f2=f= c_f_ Re{[_,s(O,O, R2)xff]s(O,O, R2)].F}R22sinOdOdO
(Ys =--_o aO ao 87_

= lf2JrfJr c___ Re[E_o(GO, R)tts, o(cLO, R2)_ GO(¢,O, R2)tt_o(¢,O, R2)]R2 2 sinOdOd¢
FoJO Jo 8re

2re Im 1-L-Z(2n+ l)[lan l2 " * 12 "*_n(mokRz)_n(mokR2)-]b n _n(mokRz)_n (mokR2) , (8)
m°rk2 [ m° n=l

11



where F is a unit vector along radial direction. The symbols, Re{ } and Im{ }, indicate

the real and imaginary parts of an argument, respectively. Similarly, the absorption cross

section defined with respect to _j can be obtained as follows:

l f2=f o Re{[_,i(O,O, R2)+_(O,O, R2)]x[_[;(_),O, R2 )0" a --

FoJO ._o 8_

+Hs (¢' 0, R 2 )1./:} R2 2 sin OdOd_p

_ lUf=c • ,
F0 ao ao 8re Rel[Ei°(O'O'R2)+Es°(dP'O'R2)]'[Hi¢(O'O'R2)+Hso(O'O'R2)]

-[ E_¢(gp, O,R) + E_,o(O,O, R2)]'[HTo(¢,O, R2) + H_o(O,O, R2)]}R22 sinOdOd¢

2_" Im 1__ (2n+l)[u/n(mokR2)u/, ' (mokR2)_N,,(mokR2)u/_(mokR2)

m°rk2 L mO n=l

+anOn (mokR2 )lF* (mokR2)- b._n(mokR2)ltln(mokR2 )

+anlltn (mokR2 )_n (ml kR) - bn lit n(mokR 2 )_,, (mokR 2 )

12 , • 12 ,* }gn(mokR2)_n(mokR2)+lbn gn(mokR2)g" n (mokR2) . (9)

The extinction cross section a e corresponding to the scattering and absorption cross

sections in Eqs. (8) and (9), as is the same as its conventional definition when the host

medium is nonabsorptive, is the summation of absorption and scattering cross section,

that is

ae = ao + a_,. (10)

Note that mathematical expressions that are similar to Eqs. (8) and (9) but in terms of

absorbed and scattered energy have been presented by Sudiarta and Chylek _ in the case

for a homogeneous sphere. To derive the energy absorbed by a homogeneous sphere in
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an absorbing medium, Fu and Sun '2 used the internal field on the particle surface that is

approached from the inside of the particle. It should be pointed out that the approach

based on the internal field is more complicated than that based on the fields outside the

particle in the case for a coated sphere. The increased complexity occurs because the

internal field for a coated sphere, as is shown in Bohren and Huffman 5, is in the form of

oo

Vnl_ol n • , /_2)]- lgnN(eln l_n elna,g-,,,[L_o_,, + -/_t = Z -1) • -I) - 2) (10)

n=l

whereas the counterpart of the preceding expression in the case for a homogeneous

sphere is in the form of

e,o

-,4,_,,1. (ll)
n=l

In Eqs. (10) and (11), A-_I'2) and _-_1,2)"'o,eln _"o,eln are vector spherical harmonics whose detailed

definitions can be found in van de Hulst 2 and also in Bohren and Huffman 5. We note that

that the numerical computation of the four coefficients in Eq. (10) is much more

complicated than the computation of the two coefficients in Eq. (11).

We apply the conventional definitions of the scattering and extinction efficiencies

to the cross sections given by Eqs. (9) and (10) and define formality efficiency factors as

follows:

Oc= ae/(_2 ),

Qs= a,/(_R2)•

Furthermore, we introduce the interception efficiency that is defined as

Q,= o_/(r_22).

(12a)

(12b)

(13)
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where o" i is the interception cross section given by Eq. (7). It can be proven that the

interception efficiency approaches to unity if the absorption of the host medium reduces

to zero. In this circumstance, the scattering and extinction efficiencies defined in Eq.

(12a) and (12b) regain their physical meanings as in the conventional sense. Note that the

preceding efficiencies can be unbounded for a large size parameter if the host medium is

strongly absorptive because the cross sections are specified with respect to the incident

irradiance at the particle center, as is evident from Eqs. (7)-(10).

When the host medium is absorptive, the true or inherent scattering efficienciy

(hereafter, referred to as Qs,inh) for the scattering particle should be defined as the ratio of

the scattered energy to the incident energy intercepted by the particle. Similarly, the

inherent extinction efficiency (hereafter, referred to as Qe,inh) is the ratio of the total

attenuated (scattered + absorbed) energy to the portion of the incident energy intercepted

by the particle. Mathematically, these two inherent optical efficiencies and their ratio

(i.e., the inherent single-scattering albedo) can be expressed as follows:

Qe,inh = Qe / Qi, (14a)

Qs,inh =Qs/Qi, (14b)

(-O0,inh = Qs,inh / Qe,inh = Qs / Qe, (14c)

where Qe, Qs, and Qi are defined in Eqs. (12a), (12b) and (13), respectively. It is worth

noting that the extinction and scattering efficiencies reported in Sudiarta and Chylek 1_

and also in Fu and Sun 12 are the inherent quantities, Qe,inht and Qs,inht, defined in Eqs.

(14a) and (14b). Evidently, the inherent efficiencies do not have the conventional

meanings in that the corresponding cross sections are not the products of the efficiencies

and the geometric projected-area of the sphere. As a matter of fact, neither extinction nor
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scatteringcrosssectionmaybe definedwithout properly referencinga location for the

incident irradiancewhenthehostmediumis absorptive.

Theprecedinginherentscatteringefficiency is derived from thenearfield at the

particlesurfaceandis lessusefulin practice,becausethescatteredwavein theradiation

zoneis usually therelevantquantity.Thus,it is necessaryto derivetheapparentoptical

propertiesbasedon thefar-field information.UsingEqs.(2e)and(2f) andtheasymptotic

form of the Riccati-Besselfunctions,we canobtainthe scatteredfield in radiationzone

(or far field) thatis givenasfollows:

= cos_exp(im°kr)E0S 2 (15a)
Eso (¢, O, r)Im,,k,l_ _imok r '

Eso(q,O, r)Irn,,krl-*°_ = - sin q_exp(im°kr) EoS I (15b)_imok r

where the amplitude scattering functions S I and S 2 are given, respectively, by

SI =Z 2n+l
n=l n(n + 1) [anlrn(c°sO) + bnrn(c°sO)]' (15c)

oo

2n+l

$2 = Z n_n +1) [a,,r_ (cosO) + b,,Jrn(cosO)]. (15d)
n=l

Eqs. (15a) and (15b) are similar to their counterparts for the case when the host medium

is nonabsorptive, except that the wavenumber in these expressions is scaled by the

complex refractive index m 0. From Eqs. (15a) and (15b), the two components of

scattered wave that are parallel and perpendicular, respectively, to the scattering plane

can be expressed in a matrix tbrm as follows:

(Es//((LO'r)l-exp(im°kr)(S 0 0l(Ei°//I (16)
Es±(q,O,r) ) -imokr S 1 Eio±;'
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where (Es//,Es±)=(Eso,-E,¢) and (Eio//,Eio±)= (E0cos0, E0 sin O) . As the scattered

wave in the far-field region is a transverse wave, the magnetic field can be related to the

corresponding electric field by an expression similar to Eq. (lb). Thus, the irradiance

associated with the scattered wave in the radiation zone or the far-field region is given by

_,(¢,O,r)- cmo'r 128Jr ([ E_,// +IE,,± 12)

_ cmo,r 12 exp(-2mo,ikr) i2
8zr IE° [2 k2r 2 (1SI +l $212)Imo

exp(-2m 0 ikR2)., 12
=exp[-2mo,ik(r-R2)]F 0 i-_oT_ (IS 1 +1S212). (17)

In the preceding equation, the factor exp[-2mlik(r- R 2)] accounts for the absorption of

the host medium in the region between particle and the observational point. The apparent

scattering cross section of the particle, with respect to reference irradiance Fo, after it is

traced back from the far-field scattered wave observed at a distance r from the origin of

the coordinate system, with an associated correction of the wave attenuation due to the

absorption effect of the host medium, is given by

(rs = exp[2m°ik(r- R2)] [2_rftr _(¢'O'r)r 2 sin0d0d0
• F0 go ao

= exp(_2moikR2) [2Jr [Jr 12 12
I m 012 k 2 Jo Jo ([Sl +[$2 )sinOdOd¢

_ 2zrexp(-2moikR2) _ [2 12
- ]mo[2k 2 Z(2n+l)([an +[b,, ). (18)

n=l

A comparison of the scattering cross section in Eq. (18) to its counterpart in the case of a

nonabsorptive host medium shows that they are similar except for an exponential factor

exp(-2moikR2) along with a complex host medium refractive index m 0 involved in
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Eq.(18). Furthermore, the apparentscattering efficiency is quite different from its

inherentcounterpart,as is evident from the comparisonbetweenEqs.(8) and(18). This

discrepancyoccursbecausethehostabsorptionover thedistancebetweenparticleandan

observational point in the radiation zone cannot be accounted for exactly by the

exponential factor exp[2moik(r- R2)]. The local plane-wave feature of the scattered

wave, described by the exponential form for the spatial phase variation in Eq. (16), is

valid only for the far-field regime. Thus, an assumption of exponential attenuation for the

near-field region will overestimate or underestimate the absorption in the host medium.

But this will not affect multiple scattering calculation as long as the apparent scattering

cross section is used, though the host absorption is assumed to have an exponential form

regardless of the location in the medium with respect to scattering particles.

In practice, it is critical to transform the incident Stokes vector to its scattered

counterpart using the apparent single-scattering properties. Based on Eqs. (16) and (18)

and the definition of Stokes vector 2, the Stokes vector associated with scattered field is

related to its incident counterpart via scattering phase matrix as follows:

/ Is(¢,0,r))

Q(0,0,r)| =

u_(o,o,r)]
v_(O,o,r))

exp[-2 moik( r - R2 )]o"s
2

r

0 0 /t 0/ (19)0
0 Pa3/P] I p,,3/Pl] II I_j\ V//o/
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where (lio, Qio, Uio, Vi0) is the incident Stokes vector at the origin of the coordinate

system. Note that the incident Stokes vector associated with a wave propagating along z

coordinate axis can be expressed for an arbitrary location (¢.O,r) in the form of

exp(_2mo_krcosO) I Qio . (20)

[ j0
Vi(¢,O,r) ) \ _io

In Eq. (19) P1J is the normalized phase function in the sense that [}'oP1 i(cos0)sinOd0]/2

is unity. From the far-field perspective, the parameter 6-s is the scattering cross section.

For this reason, we refer to 6"s as the apparent scattering cross section as viewed from a

point away from the particle. The apparent scattering cross section should be used in any

radiative transfer calculations dealing with the far-field. The nonzero elements of the

phase matrix in Eq. (20) take the same form as for the case for non-absorbing host

medium and are given by

Pll = oo 15'112 +IS2 12 (21a)

£(2n + 1)(1a n 12 +[bn 12)
n=']

_ IS212-lS, 12
P12/Pll- IS212 +IS, 12, (21b)

2 Re(S1S2) (21c)
P33/Pll = iS 2 [2 +lSl 12'

2 Im(S1S2)

P43 / PI 1 = I $2 12+ IS, 12. (21 d)

The asymmetry factor has the same form for either the absorptive and non-absorptive

host medium, as is evident from the comparison of the results presented by Kerker _ and
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Fu and Sun 12. In addition, the asymmetry factor for a coated sphere can be expressed in

the same form as that for a homogeneous sphere, given by

g = Pl l(c°sO) c°sOsinOdO

2 Z {Re[(n - 1)(n + 1)(an_la*,, + bn_lb*n)/n] + (2n - 1)/[(n - 1)n]Re(an_lb__l)}
n=2 (22)

oo

Z(2n + 1)(] a,, ]2 +[bn ]2)

n=l

For the absorption within the particle, we do not distinguish between the apparent

and inherent features. Thus, the apparent extinction cross section associated with the 6"s

can be defined as follows:

6"e = O'a + 6"s, (23)

where the absorption cross section is that defined in Eq. (9). As is similar to the case for

inherent optical properties, the apparent scattering and extinction efficiencies can be

defined as follows:

Qe = 6"e/(_R2), (24a)

Qs = 6"_/(rd_2) • (248)

The apparent extinction and scattering efficiencies as well as single-scattering

albedo that are defined with respect to the truly intercepted incident irradiance are given

by

Qe,app = Q__e/ Qi, (25a)

Qs,app = Qs / Qi, (25b)

(-°0,app = Qs,app / Qe,app = Qs / Q-_e" (25C)
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The precedingapparentscatteringefficiency is essentiallythe unattenuatedscattering

efficiency definedby Mundy et al. 9 in the case of homogeneous sphere. However, the

extinction efficiency defined by those authors can be smaller than the scattering

efficiency. This shortcoming is overcome by the present definition of apparent extinction

efficiency.

C. Proper Form of Single-Scattering Properties for Multiple Scattering by a Polydisperse

Particle System within Absorbing Medium

In this section we present the radiative transfer equation derived for a

polydispersive system in an absorbing medium based on the apparent single-scattering

properties. For simplicity without losing generality, we consider the scalar radiative

transfer equation. That is, we do not account for the full Stokes vector but only the

intensity of radiation. Thus, according to Eq. (19), for the scattering process associated

with an individual particle with a radius R, we can express the scattered intensity as

is(gP, O,r) = exp[-2moik(r- R)°'s Pll lio, (26)
2r 4re

where 6"s is the apparent scattering cross section defined in Eq. (18). In Eq. (26), the

transformation of incident intensity to the scattered intensity explicitly involves the

particle size, R. This is a shortcoming that prevents the applicability of Eq. (26) to

multiple scattering processes involving a polydisperse particle system. To circumvent this

disadvantage, we define the scaled apparent cross section as follows

6"s,scaled = exp(2mokR)_,.; (27a)

and consequently, the scaled extinction cross section by
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O'e,scaled = O'a q- O's,scaled • (27b)

With these definitions, Eq. (26) can be simplified as follows:

I s (q_,0, r) = exp(-2m0ikr)O's'scaled PI 1 [iO" (28)
r 2 4;¢

In Eq. (28) the incident intensity is specified at the center of particle. Through the use of

the scaled scattering cross section, the absorption path for two subsequential scattering

event processes is measured between the centers of particles. This feature substantially

simplifies the radiative transfer calculation in absorbing medium.

For a ploydisperse particle system, let us assume the volume-normalized

concentration for the particle at a location within the host medium to locally be N(L_,R),

where R is the radius of the particle and g is the position vector. The extinction and

scattering coefficients due to the effect of particle scattering and absorption as viewed

from the far-field perspective, rather than the absorption of the host medium, can be

given by the particle's scaled apparent scattering properties as follows:

_e,p(S ) = f Rmax_e,scaled(_,R)N(_,R)dR, (29a)
d R, nin

]_s,p(g) = f R,,,x6_ scaled(g,R)N(_,R)dR, (29b)
d R,.i. " '

where the subscript p indicates that the extinction and scattering coefficients are for

particles. The quantity N(_, R) has units of number/volume/length and _e,scaled (also

O's,scared) has units of area. Thus, both /3e,p(_) and/_s,p(,_) have units of inverse length.

In the present formulation we ignore the Rayleigh scattering by the molecules of

the host medium for the sake of simplicity, which, in principle, can be treated in the same
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mannerasthat for particulateinclusionsin the medium. The extinction coefficient for the

host medium is due solely to the absorption of the medium and is given by

fie,host(g) = 2moi(_)k. (30)

Based on the fundamental principle of radiative transfer (e.g., Chandrasekar _5) and Eqs.

(18a), (18b), and (19), the radiative transfer equation for the multiple scattering process

occurring in an absorbing medium can then be written as follows:

(_. V) I(_2_,_) = -[fle,p(_) +fle, host(,_)]I(_2,_) + J(_,£), (3 la)

where _ is a unit vector specifying the propagating direction of the radiation. The first

term on the right-hand side of the equation corresponds to the attenuation of radiation by

particle extinction and host medium absorption.J(_,_) is the source function arising

from the multiple scattering by the particles, given by

J(h,g)-/_s'P(g) _ I(h,g)Pl l(£,h,_ )d_. (3 lb)
4x 4re

In Eqs. (31a) and (3 l b), we do not distinguish between the direct and diffuse radiation. In

this form of the radiation transfer equation, the source of the radiation can be

implemented through a boundary condition (e.g., Preisendorfer and Mobelylr). In

practice, numerical accuracy is achieved by separating the diffuse and direct components

of radiation. Situations exist where it is difficult to distinguish between the diffuse and

direct compoents of the radiation, such as for the solution of the radiation field inside a

water layer with a wavy surface. In Eq.(31b), the phase function for the polydisperse

system is given by the mean value obtained from the average particle phase function

integrated over a specified particle size distribution and takes the form of
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_ Rlnax
R,,,m 6s,scaled(._,R)/] l(_,R,_2,.(_ )N(g,R)dR

P1l('_._,_) = f R,,,.: _ (32)
/ as scaled('_, R)N(g, R)dR
d R.,..,

It is straightforward to use the scaled apparent single-scattering properties in

various radiative transfer computational methods even for those that are not explicitly

based on the radiative transfer equation. For example, in the Monte Carlo method

involving an absorbing host medium, one can use De,p(_) to determine the mean free-

path that a photon encounters next scattering or absorption event in a manner as in the

conventional method. For a scattering or absorption event, one can use the ratio of

Ds,p(_) to ]_e,p(.g) to determine whether the photon is scattered or absorbed. The new

propagating direction of the scattered photon may be determined from the phase function

according to a conventional algorithm. The effect of the absorption of the host medium is

that the weight for the photon is scaled by a factor of exp(-2moikd) between two

successive scattering (or absorption) events, where d is the distance between the two

events or, alternatively, the free-path length. Furthermore, in dealing with multiple

scattering in an absorptive host medium, weighting procedures for the bulk single-

scattering properties may be a candidate for computational convenience (e.g., Tsay et

al. 17,by Platnick and Valero _s)

3. Numerical Results and Discussions

Based on the analyses in the previous section, we have developed a computational

program to solve for the inherent and apparent optical efficiencies and the full phase

matrix for a coated sphere within an absorbing medium. The previous codes written by
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Wiscombe 4, Bohren and Huffman 5, and Toon and Ackerman s for spheres in nonabsorbing

medium were of great benefit to the development of the present code. In particular, we

find that the convergence criterion suggested by Wiscombe 47 is useful for computational

efficiency and accuracy. The present code has been validated via comparison with the

previous inherent optical efficiencies and phase function of homogeneous spheres in an

absorbing medium reported by Sudiarta and Chylek _ and Fu and Sun 12. Additionally, the

results obtained from the present code agree well with those from the conventional

Lorenz-Mie calculations when the absorption of host medium is reduced to zero.

Figure 2 shows the inherent and apparent extinction efficiency, single-scattering

albedo, and asymmetry factor for spheres of soot embedded within ice at 1.38, 3.75, and

11 pm. The complex refractive indices of ice and soot at the three wavelengths are

obtained by interpolation of Warren's data _9for ice and d'Almeida et al.'s data 2° for soot

and are listed in Table 1. These three wavelengths were chosen because they are

commonly used in airborne or satellite retrieval. The 1.38 lam band is very effective for

detecting cirrus clouds. The single-scattering properties of soot or air bubbles within ice

are interesting to the study of cirrus clouds. Ice crystals within cirrus clouds may contain

black carbon coming from biomass burning and has not been fully explored.

Furthermore, ice crystals may contain pockets of air bubbles; this effect has also been

ignored to date in the computation of single scattering properties. To solve for the optical

properties of ice crystals with impurities on the basis of ray-tracing technique (e.g.,

Macke et al. 21, Labonnote et al.22), Lorenz-Mie calculation is carried out for the inclusions

that are assumed to be very small and the surrounding ice medium is treated as unbound.

From Fig. 2, the inherent and apparent values are essentially the same at 1.38 pm for
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eitherthe extinctionefficiency or thesingle-scatteringalbedobecausetheabsorptionof

ice is negligible at this wavelength. However, substantialdifferences between the

inherentandapparentopticalpropertiesarenotedat 3.75and 11_tm,in particular,for the

caseof the single-scatteringalbedoat 11 _tm.From Fig. 2, one may notice that the

apparentscatteringcrosssectionis smaller than its inherentcounterpart.Figure 2 also

presentstheasymmetryfactorfor thephasefunction- notethattheasymmetryfactorcan

benegative.In addition, the inherentextinction efficiency convergesto 1 insteadof 2.

These two featuresassociatedwith the optical propertiesof a spherein an absorbing

mediumhavebeenreportedby SudiartaandChylekt_,andFuandSun12.

Figure3 is similar to Fig. 2, exceptthat thescatterin theformercaseis a void (air

bubble) in the medium. Becausethe air bubble is nonabsorbing,both inherent and

apparent single-scatteringaibedo is unity. For the extinction efficiency, significant

differencesareevidentfrom a comparisonof theapparentandinherentopticalproperties

at 3.7 and 11.0pro,wavelengthsat which ice is stronglyabsorptive.For theasymmetry

factor shown in Fig. 3, negativevaluesare not observed.When the host medium is

strongly absorptive, the diffraction wave that contributes to forward scattering is

essentiallysuppressed.If the scatteringparticle is also strongly absorptive,there is no

transmittancethroughthe particle to contributeto forward scattering.In this casethe

backscatteringcan be larger than forward scattering,leading to negativeasymmetry

factor.Contraryto this argument,for theair bubblecaseshownin Fig. 3, therestill is a

significant amount of radiation transmitted through the air bubble and the forward

scatteringis strongerthanbackscattering.

25



To convert the inherentor apparentextinction or scatteringefficiency to the

correspondingcrosssection,the interceptionefficiencyfactor Qi is required, as is evident

from Eqs. (14a)-(14b), and (25a)-(25b). Figure 4 shows the interception efficiency for

three wavelengths with ice as the host medium. At 1.38 tam wavelength, the absorption of

ice is negligible, and Qi is essentially unity. However, for the two absorbing wavelengths

the interception efficiency can be very large. In particular, at I 1 !am, the Qi factor can be

unbounded when the particle size increases. This occurs because the interception factor is

defined with respect to the incident irradiance at the particle center. For a strongly

absorptive host medium, the incident irradiance can be attenuated substantially within a

distance on the order of the particle radius that is comparable to the incident wavelength.

Figure 5 shows the complete nonzero elements of phase matrix for homogeneous

spheres within an absorbing media. For the host medium, the refractive index is selected

as 1.0+i0.0, 1.0+i0.01, and 1.0+i0.05, corresponding to the values used in Sudiarta and

Chylek _. The particle refractive index is selected as 1.33+i0.0 that is essentially the

refractive index of water droplet at a visible wavelength. Obviously, the absorption of the

host medium substantially influences the scattering phase matrix of the particles,

particularly for the large size parameter. For the moderate size parameter X=50 and large

size parameter X=500, the scattering of the sphere is subtantially reduced in

sidescattering directions when the host absorption is strong, as is evident from the phase

functions shown. For scattering by an individual sphere, the resonant effect is significant

for the phase matrix elements associated with polarization. The resonant effect is

particularly pronounced for the phase elements associated with the polarization

configuration. Recently, using modem visualization techniques, Mishchenko and Lacis 23
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invistigatedthe morphology-dependentresonancesfor homogeneoussphereswithin a

nonabsorbinghostmedium.In futurework, it wouldbe interestingto studytheimpactof

thehostabsorptionon theresonancesin amannersuggestedby thoseauthors.

To smoothout the resonantfluctuations,we include a sizedistribution in the

scatteringcalculation.Figure6 showsthephasematrix for threemeansizeparameters:

10with abinwidth of 5 to15,50with abinwidth of 40 to 60,and500with abinwidth of

450-550.The effect of host absorptionis pronounced.For very strongabsorbinghost

medium,the phasefunction valueis significantly reducedin forward and sidescattering

directions.In particular,therainbow featureassociatedwithin a scatteringby spheresis

smoothedout by the hostabsorption,as is seenfrom the phasefunctions shownfor the

caseof <X>--500.Theeffect of the hostabsorptionon the polarizationconfigurationof

thescatteredwaveis alsoevident,which isparticularsignificantfor P3/PH and -P_.,/Pu.

Figure 7 is similar to Fig. 6, except that the scattering particle is soot for the

former. For the moderate and large size parameters, i.e., <X>=50 and 500, the phase

function values are larger for backscattering directions than for either forward and

sidescattering directions when the host absorption is large. This occurs because soot is a

strongly absorbing medium and does not allows the transmission of the incident radiation

whereas the host absorption suppresses the diffraction peak. From Fig. 7, it can also be

noted that the host absorption has a very minor effect on polarization. Since soot is very

absorptive, the external reflection occurring at the particle surface dominates the scattered

field. The polarization configuration of the extemally reflected wave is not sensitive to

particle size and the host absorption.
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Black carbon in the atmospheremay serve as nuclei for cloud droplets and

modifiesthebulk radiativepropertiesof clouds.Figure8 showstheinherentandapparent

extinctionefficiency andsingle-scatteringalbedofor waterdropletscontainingsoot for

weak and stronghost absorptionconditions.The ratio of the radiusof sootcore to the

radius of water shell has beenselectedas R I / R 2 = 0.1, 0.5, and 0.9. For extinction

efficiency, the effect of the impurity on water droplets is primarily in the size parameter

region of 1-20 since the extinction efficiency will approach its asymptotic value when

size parameter is large. The effect of the impurity on single-scattering, however, is

pronounced for the entire size parameter spectrum shown. Even a small amount of soot

added to water droplets can substantially reduce the single-scattering albedo, as is evident

from the case for R I / R 2 = 0.1. For weak host absorption values, the single-scattering

albedo tends to reach its asymptotic value when the size parameter is large. On the

contrary, the single-scattering albedo decrease with increasing size parameter in the large

size parameter regime if a strong host absorption is involved.

Figure 9 is similar to Fig. 8, except that Fig. 9 shows results for ice spheres

containing air bubbles. Because the imaginary part of ice is small and air bubble is

nonabsorptive, both inherent and apparent single-scattering albedo is essentially unity

regardless of the thickness of ice shell of the particles. From the extinction efficiencies

shown, the extinction maximum is shifted toward large size parameters when the

thickness of the ice shell decreases. In addition, the host absorption reduces the

asymptotic values of the extinction efficiency in a manner similar to the case for

homogeneous sphere.
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Figures 10and 11showthe nonzeroelementsof phasematrix for soot spheres

coatedwith watershellandfor ice spherescontainingair bubbles,respectively.Forboth

cases,the refractive index of the hostmedium is assumedas 1.0+i0.01.A significant

sensitivity to the ratio of core size to the shell size is demonstratedfor the single-

scatteringproperties.For the coatedblack carbon,thepolarizationconfigurationfor the

casewhenblack carbonis dominant(i.e., R l / R2 = 0.9) is quite different from the other

two cases for which the water is the dominant component of the scatterer. Similarly, for

the case of a hollow ice sphere, the polarization feature is unique when the ice shell is

thin and particle size is large.

4. Summary and Conclusions

We have extended the conventional Lorenz-Mie formalism to the scattering

process associated with a coated sphere embedded within an absorbing medium. We have

clarified that there are two ways of deriving the scattering and extinction cross sections.

The scattering cross section derived from the near-field on the particle surface is the

inherent optical properties of the particles, which is less useful in practice. Alternatively,

the scattering cross section may be derived from the far-field wave with a proper scaling

of the host medium absorption over the distance between particle and the location where

the far-field is specified. This defines the apparent optical properties that implicitly

contain the host absorption information in near-field regime. We show that the

mathematical expressions for the inherent and apparent scattering properties are quite

different. Furthermore, we have developed a computational code to compute the inherent

and apparent extinction efficiencies, single-scattering albedos, and asymmetry factors as

well as the complete phase matrix.
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Numerical calculationsfor spheresin absorbingmediashow that apparentand

inherent optical properties can be different by several tens of percent if the host

absorptionis strong.The difference,however,reducesto zero if the host absorptionis

negligible.If thescatteringparticleis transparent(i.e.,the imaginarypartof therefractive

indexis zero),thehostabsorptionhasa significantimpactof thenonzeroelementsof the

phasematrix associatedwith the polarizationconfigurationof scatteredwave.We find

thattheeffectof hostabsorptionon the polarizationeffect is small if theparticle itself is

alsostronglyabsorptiveevenif thehostmediumis substantiallyabsorptive.Two specific

applicationsdiscussedwereof the scatteringcharacteristicsof (a) black carboncoated

with waterand(b) hollow ice spheres,i.e., ice spherescontainingair bubbles.We found

that black carbon included in water droplets can substantially reducesthe single-

scatteringalbedofor smallsizeparameterevenif theamountof the impurity is small. For

hollow ice spheres,the single-scatteringalbedois essentiallyunity regardlessof host

absorption. However, the variation pattern of the extinction efficiency versus size

parametercanbesubstantiallychangedby stronghostabsorption.

In the caseof a large sizeparameter(<X>=500) for coatedsootor hollow ice

spheres,the polarization elementsof the phasematrix are unique in that -/]12//]11

approachesunity whereasP33 //]11 reduces to zero for scattering angles between 10-80 ° if

the particle shells are thin. Finally, we have defined a proper form of single-scattering

properties for application to multiple scattering computation. It is shown that the

conventional technique for radiative transfer calculations can be applied if the scaled

apparent single-scattering properties are used.
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Table 1. The complexrefractive indexfor sootandice at threewavelengths,which are

basedon the interpolationof the datapresentedby Warrenandd'Almeida for ice and

soot,respectively.

Wavelength(p.m) Ice Soot

1.38 1.2943+i1.580x10.5 1.7804+i4.552x10-_

3.75 1.3913+i6.796x10.3 1.9000+i5.700x10-_

11.0 1.0925+i2.480x101 2.23+i7.300x10_
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Figure Caption

Figure 1. Geometry for scattering by a coated sphere embedded in an absorbing

medium.

Figure 2. Inherent and apparent extinction efficiency and single-scattering albedo

values for soot spheres embedded in an ice medium at wavelengths of

1.38, 3.75, and 11.0 _m. Also shown are the asymmetry factor values.

Figure 3. Same as Figure2, except that the scatterers are air bubbles in ice medium.

Figure 4. The interception efficiency defined for particles embedded in ice medium

at three wavelengths.

Figure 5. The non-zero phase matrix elements for homogeneous (uncoated) spheres

that are embedded in an absorbing media. Results are provided for three

values of the imaginary refractive index and for three size parameters. The

particle refractive index is assumed to be 1.33+i0.0, which is essentially

the refractive index for water at a visible wavelength.

Figure 6. Same as Figure 5 except for a multidisperse particle system.

Figure 7. Same as Figure 6, except that the particle refractive index is 1.75+i0.435,

which is the refractive index for soot at a visible wavelength.

Figure 8. Comparison of inherent and apparent extinction efficiency and single-

scattering albedo for a soot sphere coated with water. The refractive

indices for the host medium are chosen to be 1.0+i0.O01 and 1.0+i0.01.

Figure 9. Same as Figure 8, except that the scattering particles are hollow ice

spheres.
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Figure 10.

Figure 11.

Phasematrix elementsfor a particle of water-coatedsoot. The host

refractiveindexis chosenas1.0+i0.01.

SameasFigure 10,exceptfor ahollow icesphere.
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Inherent and Apparent Optical Properties of Soot Spheres in Ice
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Coated-Sphere:
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